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A fully relativistic description of spin-orbit torques by means of linear response theory
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Symmetry and magnitude of spin-orbit torques (SOT), i.e., current-induced torques on the mag-
netization of systems lacking inversion symmetry, are investigated in a fully relativistic linear re-
sponse framework based on the Kubo formalism. By applying all space-time symmetry operations
contained in the magnetic point group of a solid to the relevant response coefficient, the torkance
expressed as torque-current correlation function, restrictions to the shape of the direct and inverse
response tensors are obtained. These are shown to apply to the corresponding thermal analogues
as well, namely the direct and inverse thermal SOT in response to a temperature gradient or heat
current. Using an implementation of the Kubo-Bastin formula for the torkance into a first-principles
multiple-scattering Green’s function framework and accounting for disorder effects via the so-called
coherent potential approximation (CPA), all contributions to the SOT in pure systems, dilute as
well as concentrated alloys can be treated on equal footing. This way, material specific values for all
torkance tensor elements in the fcc (111) trilayer alloy system Pt |FexCo1−x |Cu are obtained over a
wide concentration range and discussed in comparison to results for electrical and spin conductivity,
as well as to previous work – in particular concerning symmetry w.r.t. magnetization reversal and
the nature of the various contributions.
PACS numbers: 61.50.Ah, 72.15.Qm, 75.70.Tj, 75.76.+j
I. INTRODUCTION
Spin-orbit torques (SOT), denoting the response of a
magnetization to an electric current by changing its ori-
entation, have evolved from a theoretical conjecture1–3
via experimental verification4–6 to their imminent tech-
nological application in SOT-MRAM devices7 in a re-
markably short period of time. This can be attributed
to the fact that unlike most8 other ways of defined ma-
nipulation of magnetic moments it does not require ex-
ternal magnetic fields or auxiliary magnetic layers, offer-
ing an enormous advantage concerning information stor-
age density, non-volatility and scalability.9 The combined
effect of spin-orbit interaction and exchange coupling in
systems lacking inversion symmetry offers thus the pos-
sibility to switch the magnetization of spintronics devices
by applying an electric current. Unlike its close relative,
the spin-transfer torque mechanism,10,11 it does not rely
on the presence of a “polarizer” magnetic layer, allowing
for much simpler device architecture and reducing neces-
sary critical current densities.12 The intrinsic relativistic
spin-orbit interaction can transfer orbital to spin angu-
lar momentum in a magnetic material having a suitable
structure, leading to an effective magnetic field exerting
a torque on the magnetization.
Recent experiments13–15 where able to measure the
SOT directly as a function of magnetization direction,
whereas earlier evidence has only been indirect.4–6,9,16–18
Two symmetrically distinct contributions to the SOT
could be observed this way, one being even and the
other odd with respect to magnetization reversal. To
lowest order in the magnetization direction mˆ, the even
torque in response to an in-plane current j was found
to go by mˆ × (j × mˆ) while the odd one scales with
mˆ × j. While initial work on spin-orbit torques was
focused on transition metal FM |NM bilayers5,6 or di-
lute magnetic semiconductors,4 recent experiments19–22
demonstrate the possibility to switch ferromagnetic mo-
ments by SOTs originating from antiferromagnets, as
predicted theoretically.23 On the ferromagnetic side it
could be shown that magnetic insulators can be switched
by SOTs as well.24 Exploiting the large spin-orbit coup-
ling of Bismuth and the pronounced ferromagnetism
of Cr-doped BixSb1−xTe3, topological insulator hetero-
structures were shown to be promising candidates for
SOT-based memory and logic devices.25,26 Although the
nature of the spin-orbit torque certainly is not yet fully
understood in all details, its ability to deterministically
switch magnetic moments, without the need for external
magnetic fields,27 has been demonstrated beyond doubt.
Currently, experimental research is already heading to-
wards fully functional devices,28,29 en route exposing fur-
ther interesting aspects of SOTs.30,31
Early theoretical work on the SOT in bilayer sys-
tems proposed two distinct mechanisms, namely a
torque arising from the Rashba effect at the asym-
metric interface,2,32–34 and a spin transfer torque due
to the spin current generated in the heavy-metal layer
by the spin Hall effect.17,18,35 The “Rashba”-torque
was initially found to be dominated by a field-like
component32,36,37 being odd w.r.t. magnetization re-
versal, whereas the “spin Hall”-torque was believed
to consist mostly of an even (anti-)damping- or spin
transfer-like contribution.9,17,18,37 This picture has how-
ever turned out to be too simple,13,14 as these mech-
anisms appear to be only the limiting cases of a more
complex scenario,13,38 involving terms of higher-order
in the magnetization direction13 and in addition an in-
trinsic contribution, arising from the band structure in
a single ferromagnetic layer alone.39,40 First-principles
calculations of the torkance tensor41–43 can be used to
2help to disentangle the various contributions by provid-
ing model-independent material parameters. The pion-
eering works of Freimuth et al.42,43 demonstrated this for
FM |NM bilayer systems using the Kubo linear response
formalism to calculate layer-resolved torkances.
It has been noted quite early on,33–35,44 that there
exists of course an Onsager reciprocal to the spin-orbit
torque, i.e., by interchanging perturbation (electric field
or charge current) and response (torque on the mag-
netization) one arrives at the inverse spin-orbit torque
(ISOT), describing the electric field induced by mag-
netization dynamics.45 The reciprocity of the two, SOT
and ISOT, has been discussed recently in great detail by
Freimuth et al.,46 who noted that both phenomena can
be described by the torkance tensor. In this work, by
performing a symmetry analysis of the linear response
expressions describing SOT and ISOT, we will give ex-
plicit tensor shapes for both properties in terms of the
torkance, thereby demonstrating, where applicable, the
presence and exact form of their reciprocity. As will be
demonstrated, these shapes remain unchanged when re-
placing the electric field by a temperature gradient, giv-
ing a justification for the use of a Mott-like expression for
direct and inverse thermal SOT discussed by Ge´ranton
et al.47 and Freimuth et al.48.
The present paper focuses on two aspects of the spin-
orbit torque that have, to our knowledge, not been stud-
ied before. Firstly, an extensive symmetry analysis based
on group-theoretical grounds and not restricted to spe-
cial cases is preformed that allows determining the tensor
shapes of both direct and inverse SOT from their re-
spective Kubo linear response expressions, based on the
magnetic point group alone. Secondly, by making use
of the Coherent Potential Approximation (CPA) within
multiple scattering theory the possibility to study the
concentration-dependence of the torkance in alloys is
demonstrated, thereby opening the route for a materi-
als design approach to the SOT.
This paper is organized as follows: In Section II we
introduce the underlying linear response formalism used
to calculate the torkance tensor, discuss its implement-
ation into a multiple scattering framework, with par-
ticular emphasis on the treatment of disorder, and fi-
nally outline the application of symmetry considerations
leading to restrictions to the tensor shapes of both, dir-
ect and inverse spin-orbit torques. The outcome of this
group-theoretical analysis for all magnetic point groups
allowing for the existence of a finite magnetization will
be presented together with corresponding results for the
electrical and spin conductivity tensors. In Section III
we present the results of our numerical investigations
on a Pt |FexCo1−x |Cu trilayer system, highlighting the
impact of disorder effects (impurity scattering) on the
various contributions to the torkance. By comparing
concentration-dependent results for the torkance tensor
with such for the spin Hall conductivity we will discuss
their (partial) interconnection. Finally, contact will be
made to previous work, in particular concerning the sep-
aration of the torkance into contributions based on the
structure of the linear response expression (Fermi sea and
Fermi surface terms) and on symmetry arguments (even
or odd symmetry w.r.t. magnetization reversal). We con-
clude with a summary of the presented and an outlook
on future work in Section IV.
II. FORMALISM
A well-known application of Kubo’s linear response
formalism is the derivation of an expression for the elec-
trical conductivity tensor σ that describes the electric
current density j = σE in response to an electric field E.
In analogy one can derive an expression for the torkance
tensor t that gives the torque T = tE as a response to
E.42,43 Replacing the operator jˆµ representing the com-
ponent µ of the current density by the operator Tˆµ for the
torque one can straightforwardly adopt the derivation of
the so-called Kubo-Bastin formula for σ ,49,50 leading to
a corresponding expression for the torkance t:51
tµν = −
~
4piV
∫ ∞
−∞
dε
df(ε)
dε
Tr
〈
Tˆµ(G
+ −G−)jˆνG
− − TˆµG
+jˆν(G
+ −G−)
〉
+
~
4piV
∫ ∞
−∞
dεf(ε)Tr
〈
TˆµG
+jˆν
dG+
dε
− Tˆµ
dG+
dε
jˆνG
+ − “
(
G+ → G−
)
“
〉
, (1)
where V is the volume of the unit cell and f(E) is the
Fermi distribution function. This implies that in the limit
T → 0 K for the temperature the first term in Eq. (1)
has to be evaluated only for the Fermi energy EF (Fermi
surface term tIµν), while the second one requires an integ-
ration over the occupied part of the valence band (Fermi
sea term tIIµν).
The operator jˆν = −|e|cαν in Eq. (1) represents the
perturbation due to the electric field component Eν . Ad-
opting a fully relativistic formulation to account coher-
ently for the impact of SOC, jˆν is expressed by the cor-
responding velocity operator vˆν = cαν , where c is the
speed of light and αν is one of the standard 4 × 4 Dirac
matrices.52 The torque operator Tˆµ on the other hand
represents the change of the magnetization component
3mµ with time in response to the electric field E. Accord-
ingly, Tˆµ may be expressed by the partial derivative of
the Dirac Hamiltonian H with respect to the component
uµ of the normalized magnetisation m/|m|:
53
Tˆµ =
∂
∂uµ
Hˆ
= βσµBxc(r) . (2)
For the second line use has been made of the specific form
of Hˆ for a magnetic solid within the framework of local
spin density formalism (LSDA) where Bxc(r) stands for
the difference in the exchange potential for electrons with
spin up and down54 and σµ is one of the 4× 4 Pauli spin
matrices.52
In Eq. (1) the electronic structure is represented in
terms of the retarded and advanced Green functions
G+(E) and G−(E), respectively. Using this approach
has the big advantage that one can deal straightforwardly
with disordered systems. Considering for example chem-
ical disorder the brackets 〈...〉 in Eq. (1) stand for the
configurational average in a disordered alloy. For the ap-
plications presented below relativistic multiple scattering
theory was used to determine the Green function.55,56
The average over alloy configurations was determined by
means of the Coherent Potential Approximation (CPA)
alloy theory as done in the context of the electrical
conductivity,57,58 spin conductivity59 and Gilbert damp-
ing parameter.53 This implies in particular that the so-
called vertex corrections, that ensure that the proper av-
erage 〈TˆµG
± jˆνG
±〉 is taken instead of the simpler one
〈TˆµG
±〉〈jˆνG
±〉, are included in the calculations.
Expressing the electric field induced torque by means
of linear response formalism allows investigating straight-
forwardly the condition for which the SOT may show up
or not. This can be done using a scheme worked out
by Kleiner60 and extended recently by Seemann et al..61
Making use of the behavior of the torque operator Tˆµ and
of the current density operator jν under symmetry oper-
ations one is led to the relations that restrict the shape
of the torkance tensor t:
tµν =
∑
κλ
tκλD(R)κµD(R)λν det(R) (3)
tµν = −
∑
κλ
t′λκD(R)
∗
κµD(R)
∗
λν det(R) , (4)
whereD(R) is the 3×3 transformation matrix associated
with the pure spatial operation R and det(R) is the cor-
responding determinant of that matrix. In Eq. (3) only
unitary pure spatial symmetry operations are considered,
while in Eq. (4) anti-unitary operations are considered
that involve apart from the spatial operation R also the
time reversal operation. As a consequence Eq. (4) relates
the torkance tensor t with the tensor t′ that is associated
with the effect inverse to the SOT, i.e., Eq. (4) is equi-
valent to an Onsager relation for t.
Considering Eq. (3) for all symmetry operations of
a magnetic point group, the corresponding symmetry-
allowed shape of the direct and inverse torkance tensors,
t and t′, can be determined. Tables I to VI give the
results for all magnetic point groups leading to a non-
vanishing torkance tensor. In addition the tensor shapes
for electrical and spin conductivity for polarization along
the principal axis are given for the respective magnetic
Laue groups obtained by adding the spatial inversion
operation.60,61 Naturally, this leads to redundancies since
different magnetic point groups have the same magnetic
Laue group.
Magnetic symmetry groups that allow for a finite
magnetization in general can be subdivided into two
categories,60,61 one without any time-reversal symmetry,
neither as an operation on its own nor in combination
with a spatial operation, category b) (Table I), the other
containing time-reversal only connected with a spatial
operation, category c) (Tables II–VI). Naturally, this
excludes all magnetic point groups of category a) cor-
responding to a non-magnetic solid, i.e., that contain
time-reversal as separate element.60,61
Comparing the results for magnetic point groups of
categories b) in Table I and c) in Tables II–VI, one notes
that those of the former exhibit identical direct and in-
verse torkance tensor shapes, t and t′, while for those of
the latter the two tensors usually differ in shape but nev-
ertheless are connected to each other. This becomes ob-
vious when looking at Eq. (4): if there was time-reversal
as a separate operation, as in a group of category a), the
corresponding spatial operation R would be the identity,
and therefore tµν = −t
′
νµ for all tensor elements, i.e.,
something quite similar to the usual Onsager relations
would hold. When there are no time-reversal-connected,
i.e., anti-unitary operations in the group, as in category
b), Eq. (4) does not apply at all and the shape of t′ is
given exclusively by Eq. (3) and therefore identical to
that of t. For the magnetic point groups of category
c), where time-reversal appears only in connection with
a spatial operation R, the shape of t′ is determined by
D(R), i.e., the nature of the operation connecting t and
t
′.
In addition one notices that none of the magnetic point
groups listed in Tables I–VI contains the spatial inversion
as an element. This central restriction – missing inversion
symmetry – has been pointed out before by Manchon and
Zhang2 as well as Garate and MacDonald3 on the basis
of restricted model considerations. This basic require-
ment is explained here on group-theoretical grounds by
the transformation properties of the operators appearing
in the linear response expression. The torque operator,
represented by the vector product of magnetization and
effective magnetic field – both pseudo vectors symmetric
under spatial inversion but anti-symmetric under time
reversal – hence transforms as time-reversal symmetric
pseudo vector, while the electric current density operator
as a proper vector is anti-symmetric under both. There-
fore the product of the two is both time-reversal- and
4magnetic point group t t′ magnetic Laue group σ σk
1
(
txxtxy txz
tyx tyy tyz
tzx tzy tzz
) t′xx t′xy t′xzt′yx t′yy t′yz
t′zx t
′
zy t
′
zz

 1¯
(
σxxσxyσxz
σyxσyyσyz
σzxσzy σzz
) (
σzxxσ
z
xyσ
z
xz
σzyxσ
z
yyσ
z
yz
σzzxσ
z
zy σ
z
zz
)
2
(
txx 0 txz
0 tyy 0
tzx 0 tzz
) t′xx 0 t′xz0 t′yy 0
t′zx 0 t
′
zz

 2/m
(
σxx 0 σxz
0 σyy 0
σzx 0 σzz
) (
σyxx 0 σ
y
xz
0 σyyy 0
σyzx 0 σ
y
zz
)
m
(
0 txy 0
tyx 0 tyz
0 tzy 0
)  0 t′xy 0t′yx 0 t′yz
0 t′zy 0

 2/m
(
σxx 0 σxz
0 σyy 0
σzx 0 σzz
) (
σyxx 0 σ
y
xz
0 σyyy 0
σyzx 0 σ
y
zz
)
222
(
txx 0 0
0 tyy 0
0 0 tzz
) t′xx 0 00 t′yy 0
0 0 t′zz

 mmm
(
σxx 0 0
0 σyy 0
0 0 σzz
) (
0 σzxy0
σzyx 0 0
0 0 0
)
mm2
(
0 txy0
tyx 0 0
0 0 0
) (
0 t′xy0
t′yx 0 0
0 0 0
)
mmm
(
σxx 0 0
0 σyy 0
0 0 σzz
) (
0 σzxy0
σzyx 0 0
0 0 0
)
4
(
txx txy 0
−txy txx 0
0 0 tzz
) 
 t′xx t′xy 0−t′xy t′xx 0
0 0 t′zz

 4/m
(
σxx σxy 0
−σxyσxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
4¯
(
txx txy 0
txy−txx0
0 0 0
) (
t′xx t
′
xy 0
t′xy−t
′
xx0
0 0 0
)
4/m
(
σxx σxy 0
−σxyσxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
422
(
txx 0 0
0 txx 0
0 0 tzz
) t′xx 0 00 t′xx 0
0 0 t′zz

 4/mmm
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
4mm
(
0 txy0
−txy 0 0
0 0 0
) (
0 t′xy0
−t′xy 0 0
0 0 0
)
4/mmm
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
4¯2m
(
txx 0 0
0 −txx0
0 0 0
) (
t′xx 0 0
0 −t′xx0
0 0 0
)
4/mmm
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
3
(
txx txy 0
−txy txx 0
0 0 tzz
)  t′xx t′xy 0−t′xy t′xx 0
0 0 t′zz

 3¯
(
σxx σxy 0
−σxyσxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
312
(
txx 0 0
0 txx 0
0 0 tzz
) t′xx 0 00 t′xx 0
0 0 t′zz

 3¯1m
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
31m
(
0 txy0
−txy 0 0
0 0 0
) (
0 t′xy0
−t′xy 0 0
0 0 0
)
3¯1m
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
6
(
txx txy 0
−txy txx 0
0 0 tzz
)  t′xx t′xy 0−t′xy t′xx 0
0 0 t′zz

 6/m
(
σxx σxy 0
−σxyσxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
622
(
txx 0 0
0 txx 0
0 0 tzz
) t′xx 0 00 t′xx 0
0 0 t′zz

 6/mmm
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
6mm
(
0 txy0
−txy 0 0
0 0 0
) (
0 t′xy0
−t′xy 0 0
0 0 0
)
6/mmm
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
23
(
txx 0 0
0 txx 0
0 0 txx
) t′xx 0 00 t′xx 0
0 0 t′xx

 m3¯
(
σxx 0 0
0 σxx 0
0 0 σxx
) (
0 σzxy0
xzy 0 0
0 0 0
)
432
(
txx 0 0
0 txx 0
0 0 txx
) t′xx 0 00 t′xx 0
0 0 t′xx

 m3¯m
(
σxx 0 0
0 σxx 0
0 0 σxx
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
Table I. Shape of the direct and inverse torkance tensors, t and t′, for all magnetic point groups of category b). Note that
since these do not contain time-reversal, neither as an element on its own nor in combination with a spatial operation, the two
tensors are unconnected and identical in shape. The third and fourth columns show the electrical conductivity tensor σ and
the spin conductivity tensor σk for polarization along the principal axis k, respectively, for the corresponding magnetic Laue
groups. See Ref. 61 for the two remaining polarization directions and further details on conventions and notation.
5magnetic point group t t′ magnetic Laue group σ σk
1¯′
(
txxtxy txz
tyx tyy tyz
tzx tzy tzz
) (
txxtyxtzx
txy tyy tzy
txz tyz tzz
)
1¯1′
(
σxxσxyσxz
σxyσyyσyz
σxz σyz σzz
) (
σzxxσ
z
xyσ
z
xz
σzyxσ
z
yyσ
z
yz
σzzxσ
z
zy σ
z
zz
)
2′
(
txxtxy txz
tyx tyy tyz
tzx tzy tzz
) (
−txx tyx −tzx
txy −tyy tzy
−txz tyz −tzz
)
2′/m′
(
σxx σxy σxz
−σxy σyy σyz
σxz −σyzσzz
) (
σyxxσ
y
xyσ
y
xz
σyyxσ
y
yyσ
y
yz
σyzxσ
y
zy σ
y
zz
)
m′
(
txxtxy txz
tyx tyy tyz
tzx tzy tzz
) (
txx −tyx tzx
−txy tyy −tzy
txz −tyz tzz
)
2′/m′
(
σxx σxy σxz
−σxy σyy σyz
σxz −σyzσzz
) (
σyxxσ
y
xyσ
y
xz
σyyxσ
y
yyσ
y
yz
σyzxσ
y
zy σ
y
zz
)
2/m′
(
txx 0 txz
0 tyy 0
tzx 0 tzz
) (
txx 0 tzx
0 tyy 0
txz 0 tzz
)
2/m1′
(
σxx 0 σxz
0 σyy 0
σxz 0 σzz
) (
σyxx 0 σ
y
xz
0 σyyy 0
σyzx 0 σ
y
zz
)
2′/m
(
0 txy 0
tyx 0 tyz
0 tzy 0
) (
0 tyx 0
txy 0 tzy
0 tyz 0
)
2/m1′
(
σxx 0 σxz
0 σyy 0
σxz 0 σzz
) (
σyxx 0 σ
y
xz
0 σyyy 0
σyzx 0 σ
y
zz
)
2′2′2
(
txx txy 0
tyx tyy 0
0 0 tzz
) (
−txx tyx 0
txy −tyy 0
0 0 −tzz
)
m′m′m
(
σxx σxy 0
−σxyσyy 0
0 0 σzz
) (
σzxxσ
z
xy 0
σzyxσ
z
yy 0
0 0 σzzz
)
m′m′2
(
txx txy 0
tyx tyy 0
0 0 tzz
) (
txx −tyx 0
−txy tyy 0
0 0 tzz
)
m′m′m
(
σxx σxy 0
−σxyσyy 0
0 0 σzz
) (
σzxxσ
z
xy 0
σzyxσ
z
yy 0
0 0 σzzz
)
m′m2′
(
0 txy 0
tyx 0 tyz
0 tzy 0
) (
0 −tyx 0
−txy 0 tzy
0 tyz 0
)
m′m′m
(
σxx 0 σxz
0 σyy 0
−σxz 0 σzz
) (
0 σzxy 0
σzyx 0 σ
z
yz
0 σzzy 0
)
m′m′m′
(
txx 0 0
0 tyy 0
0 0 tzz
) (
txx 0 0
0 tyy 0
0 0 tzz
)
mmm1′
(
σxx 0 0
0 σyy 0
0 0 σzz
) (
0 σzxy0
σzyx 0 0
0 0 0
)
m′mm
(
0 0 0
0 0 tyz
0tzy 0
) (
0 0 0
0 0 tzy
0tyz 0
)
mmm1′
(
σxx 0 0
0 σyy 0
0 0 σzz
) (
0 σzxy0
σzyx 0 0
0 0 0
)
Table II. Shape of the direct and inverse torkance tensors, t and t′, for magnetic point groups of category c). Note that the
two tensors usually differ in shape, depending on which spatial operation is combined with time-reversal. The third and fourth
columns show the electrical conductivity tensor σ and the spin conductivity tensor σk for polarization along the principal axis
k, respectively, for the corresponding magnetic Laue groups. See Ref. 61 for the two remaining polarization directions and
further details on conventions and notation. This Table contains only groups with a principal axis of order O(k) ≤ 2 and is
continued in Tables III–VI.
inversion anti-symmetric. Correspondingly, the shapes
of direct and inverse torkance tensors are determined by
the magnetic point group of a solid, in contrast for ex-
ample to the electrical conductivity and thermoelectric
tensors,60 as well as to the spin conductivity tensor.61
Since the operators for electric and heat current dens-
ities transform identical under all space-time symmetry
operations relevant for solids,60,61 the tensor shapes will
stay unaltered when the electric field is replaced by a
temperature gradient. In other words, the shapes given
here apply also for the direct and inverse thermal spin-
orbit torque effect discussed recently by Ge´ranton et al.47
and Freimuth et al.48.
Finally, it should be mentioned that the results for the
torkance tensors presented in Tables I–VI have been in-
dependently checked for a number of systems, including
m′m′m, 4/mm′m′, 6/mm′m′, 3¯m′ with vanishing tork-
ance and 1, m′, m′m′2, 4¯2′m′, 3m′, 6¯′2m′, 6/m′m′m′
with finite torkance, by numerical calculations using the
implementation described above.
III. RESULTS
To investigate the impact of chemical disorder and the
ability to tailor the torkance via the alloy composition
the multilayer system Pt |FexCo1−x |Cu has been invest-
igated over the full range of concentration x. Fig. 1 shows
the hexagonal structure of the model system for which a
stacking of fcc (111)-like atomic planes along the z axis
has been assumed.
To examine the connection of the torkance with other
related response quantities we calculated the electrical
and spin conductivity tensors in addition. Replacing the
torque operator Tˆµ in Eq. (1) by the operator jˆµ one
gets, apart from some constants, the corresponding ex-
pressions for the electrical conductivity tensor σ. From
this one can see immediately that the longitudinal con-
ductivities σii are connected only with the first Fermi
surface term in Eq. (1), accordingly they are determined
for T = 0 K by the electronic structure at the Fermi
energy EF while the second Fermi sea term vanishes.
Due to the magnetic Laue group (3¯m′) of the investig-
6magnetic point group t t′ magnetic Laue group σ σk
4′
(
txxtxy 0
tyx tyy 0
0 0 tzz
) (
−tyy txy 0
tyx −txx 0
0 0 −tzz
)
4′/m
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
σzxxσ
z
xy 0
σzyxσ
z
yy 0
0 0 σzzz
)
4¯′
(
txxtxy 0
tyx tyy 0
0 0 tzz
) (
tyy −txy 0
−tyx txx 0
0 0 tzz
)
4′/m
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
σzxxσ
z
xy 0
σzyxσ
z
yy 0
0 0 σzzz
)
4/m′
(
txx txy 0
−txy txx 0
0 0 tzz
) (
txx−txy 0
txy txx 0
0 0 tzz
)
4/m1′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
4′/m′
(
txx txy 0
txy−txx0
0 0 0
) (
txx txy 0
txy−txx0
0 0 0
)
4/m1′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
4′22′
(
txx 0 0
0 tyy 0
0 0 tzz
) (
−tyy 0 0
0 −txx 0
0 0 −tzz
)
4′/mmm′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
σzyx 0 0
0 0 0
)
42′2′
(
txx txy 0
−txy txx 0
0 0 tzz
) (
−txx−txy 0
txy −txx 0
0 0 −tzz
)
4/mm′m′
(
σxx σxy 0
−σxyσxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
4′mm′
(
0 txy0
tyx 0 0
0 0 0
) (
0 txy0
tyx 0 0
0 0 0
)
4′/mmm′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
σzyx 0 0
0 0 0
)
4m′m′
(
txx txy 0
−txy txx 0
0 0 tzz
) (
txx txy 0
−txy txx 0
0 0 tzz
)
4/mm′m′
(
σxx σxy 0
−σxyσxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
4¯′2m′
(
txx 0 0
0 tyy 0
0 0 tzz
) (
tyy 0 0
0 txx 0
0 0 tzz
)
4′/mmm′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
σzyx 0 0
0 0 0
)
4¯′m2′
(
0 txy0
tyx 0 0
0 0 0
) (
0 −txy0
−tyx 0 0
0 0 0
)
4′/mmm′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
σzyx 0 0
0 0 0
)
4¯2′m′
(
txx txy 0
txy−txx0
0 0 0
) (
−txx txy0
txy txx0
0 0 0
)
4/mm′m′
(
σxx σxy 0
−σxyσxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
4/m′m′m′
(
txx 0 0
0 txx 0
0 0 tzz
) (
txx 0 0
0 txx 0
0 0 tzz
)
4/mmm1′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
4/m′mm
(
0 txy0
−txy 0 0
0 0 0
) (
0 −txy0
txy 0 0
0 0 0
)
4/mmm1′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
4′/m′m′m
(
txx 0 0
0 −txx0
0 0 0
) (
txx 0 0
0 −txx0
0 0 0
)
4/mmm1′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
Table III. Table II continued for tetragonal groups with O(k) = 4.
ated system the conductivity tensor σ has only the non-
vanishing elements σxx = σyy 6= σzz and σxy = −σyx,
61
i.e., the well-known shape of ferromagnetic systems with
a principal axis k of order O(k) ≥ 3 and neither addi-
tional purely spatial rotation axes perpendicular to it,
nor vertical mirror planes. The corresponding results
for Pt |FexCo1−x |Cu are shown in Fig. 2 as a function of
the concentration x. As to be expected for T = 0 K one
finds a divergent behavior for the longitudinal conduct-
ivities σxx and σzz in the dilute regime, i.e., when x goes
to 0 or 1, respectively. In both cases the variation with
x is rather symmetric around the composition x = 0.5
as the two alloying components, Fe and Co, respectively,
do not differ too much concerning their electronic prop-
erties in this fcc (111)-like structure. Apart from this
general behavior one notes that one has σxx > σzz for all
concentrations. This is due to the simple fact that for
σxx one has electronic transport parallel to the atomic
layers while σzz implies transport perpendicular to the
layers, the finite conductivity is not only because of the
chemical disorder in the Fe-Co layers but in addition due
to a strong geometrical confinement and corresponding
interface scattering. Fig. 2 (top) shows also the conduct-
ivity σxx and σzz calculated without the vertex correc-
tions. As one can see, this restriction hardly changes the
numerical results. This finding is very typical for trans-
ition metal systems with a high density of states at the
Fermi energy implying a short mean free path length.62
In contrast to the longitudinal conductivity σii the trans-
verse conductivity σxy has contributions from the Fermi
7magnetic point group t t′ magnetic Laue group σ σk
3¯′
(
txx txy 0
−txy txx 0
0 0 tzz
) (
txx−txy 0
txy txx 0
0 0 tzz
)
3¯1′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
312′
(
txx txy 0
−txy txx 0
0 0 tzz
) (
−txx−txy 0
txy −txx 0
0 0 −tzz
)
3¯1m′
(
σxx σxy 0
−σxyσxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
31m′
(
txx txy 0
−txy txx 0
0 0 tzz
) (
txx txy 0
−txy txx 0
0 0 tzz
)
3¯1m′
(
σxx σxy 0
−σxyσxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
3¯′1m′
(
txx 0 0
0 txx 0
0 0 tzz
) (
txx 0 0
0 txx 0
0 0 tzz
)
3¯1m1′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
3¯′1m
(
0 txy0
−txy 0 0
0 0 0
) (
0 −txy0
txy 0 0
0 0 0
)
3¯1m1′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
Table IV. Table II continued for trigonal groups with O(k) = 3.
Figure 1. (Color online) Structure of the investigated mul-
tilayer system Pt |FexCo1−x |Cu consting of a stacking of fcc
(111) planes along the z axis. Cu atoms are colored in blue,
FexCo1−x sites in red and Pt atoms are represented in light
grey.
surface as well as Fermi sea terms (see Eq. (1)) when
the Kubo-Bastin formula is used (see comment below).
Corresponding results for Pt |FexCo1−x |Cu are shown in
the middle panel of Fig. 2. As one notes, the Fermi sur-
face and sea contributions are comparable in magnitude
but have opposite sign leading to a partial cancellation.
Obviously, both contributions vary rather smoothly with
concentration and show for the considered concentration
range (0.1 ≤ x ≤ 0.9) in contrast for example to the
binary alloys FexPd1−x and NixPd1−x
58 practically no
divergent behavior in the dilute limit (x→ 0 or x→ 1).
As discussed before58 a divergent behavior of σxy can be
ascribed to a strong skew scattering contribution that
scales with the longitudinal conductivity σxx.
63 On the
other hand, this extrinsic source for the transverse trans-
port is accounted for by the contribution to σxy that is
connected with the vertex corrections.58 Inspecting Fig. 2
(middle) that shows results for the Fermi surface contri-
bution to σxy obtained with and without the vertex cor-
rections, one finds that these give rise only to minor cor-
rections throughout the considered concentration regime.
With the skew scattering mechanism being negligible and
the intrinsic contribution dominating the system is obvi-
ously in the so-called dirty regime.63,64 Considering the
Fermi sea contribution to σxy (Fig. 2 middle) one finds
no impact of the vertex corrections at all. This is in full
line with the findings of Turek et al.65 who could show
(at least within the TB-LMTO-CPA formalism) that this
property has to be fulfilled for formal reasons. As a con-
sequence, this implies that the skew scattering mechan-
ism is, as to be expected, connected only to the Fermi
surface contribution to σxy. In fact, this is a seemingly
trivial precondition to get the full skew scattering contri-
bution to σxy when performing Boltzmann type of cal-
culations for the dilute regime that are restricted to the
Fermi energy EF .
66 In fact, this is to be expected be-
cause for the electrical conductivity tensor it is possible
for the case T = 0 K to go from the Kubo-Bastin to the
Kubo-Strˇeda equation that has only contributions from
the Fermi surface,50,67 i.e., the Fermi sea term can be
eliminated exactly.
Considering the spin conductivity tensor the non-
vanishing tensor elements σkij can again be found from
symmetry considerations.61 Restricting here to the z
component of the spin polarization one has the non-
vanishing elements σzxx = σ
z
yy 6= σ
z
zz and σ
z
xy = −σ
z
yx,
i.e., σz has the same shape as σ. Comparing the cor-
responding numerical results for the transverse spin con-
ductivity shown in the lower panel of Fig. 2 with their
counterparts connected with the transverse conductiv-
ity σxy one finds that a very similar behavior in the in-
vestigated concentration regime: i) the Fermi sea and
8magnetic point group t t′ magnetic Laue group σ σk
6′
(
txx txy 0
−txy txx 0
0 0 tzz
) (
−txx txy 0
−txy−txx 0
0 0 −tzz
)
6′/m′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
6¯′
(
txx txy 0
−txy txx 0
0 0 tzz
) (
txx−txy 0
txy txx 0
0 0 tzz
)
6′/m′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
6/m′
(
txx txy 0
−txy txx 0
0 0 tzz
) (
txx−txy 0
txy txx 0
0 0 tzz
)
6/m1′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
6′22′
(
txx 0 0
0 txx 0
0 0 tzz
) (
−txx 0 0
0 −txx 0
0 0 −tzz
)
6′/m′mm′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
62′2′
(
txx txy 0
−txy txx 0
0 0 tzz
) (
−txx−txy 0
txy −txx 0
0 0 −tzz
)
6/mm′m′
(
σxx σxy 0
−σxyσxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
6′mm′
(
0 txy0
−txy 0 0
0 0 0
) (
0 txy0
−txy 0 0
0 0 0
)
6′/m′mm′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
6m′m′
(
txx txy 0
−txy txx 0
0 0 tzz
) (
txx txy 0
−txy txx 0
0 0 tzz
)
6/mm′m′
(
σxx σxy 0
−σxyσxx 0
0 0 σzz
) (
σzxx σ
z
xy 0
−σzxyσ
z
xx 0
0 0 σzzz
)
6¯′2m′
(
txx 0 0
0 txx 0
0 0 tzz
) (
txx 0 0
0 txx 0
0 0 tzz
)
6′/m′mm′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
6¯′m2′
(
0 txy0
−txy 0 0
0 0 0
) (
0 −txy0
txy 0 0
0 0 0
)
6′/m′mm′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
6/m′m′m′
(
txx 0 0
0 txx 0
0 0 tzz
) (
txx 0 0
0 txx 0
0 0 tzz
)
6/mmm1′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
6/m′mm
(
0 txy0
−txy 0 0
0 0 0
) (
0 −txy0
txy 0 0
0 0 0
)
6/mmm1′
(
σxx 0 0
0 σxx 0
0 0 σzz
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
Table V. Table II continued for hexagonal groups with O(k) = 6.
magnetic point group t t′ magnetic Laue group σ σk
m′3¯′
(
txx 0 0
0 txx 0
0 0 txx
) (
txx 0 0
0 txx 0
0 0 txx
)
m3¯1′
(
σxx 0 0
0 σxx 0
0 0 σxx
) (
0 σzxy0
σyxz 0 0
0 0 0
)
4′32′
(
txx 0 0
0 txx 0
0 0 txx
) (
−txx 0 0
0 −txx 0
0 0 −txx
)
m3¯m′
(
σxx 0 0
0 σxx 0
0 0 σxx
) (
0 σzxy0
σyxz 0 0
0 0 0
)
4¯′3m′
(
txx 0 0
0 txx 0
0 0 txx
) (
txx 0 0
0 txx 0
0 0 txx
)
m3¯m′
(
σxx 0 0
0 σxx 0
0 0 σxx
) (
0 σzxy0
σyxz 0 0
0 0 0
)
m′3¯′m′
(
txx 0 0
0 txx 0
0 0 txx
) (
txx 0 0
0 txx 0
0 0 txx
)
m3¯m1′
(
σxx 0 0
0 σxx 0
0 0 σxx
) (
0 σzxy0
−σzxy 0 0
0 0 0
)
Table VI. Table II continued for cubic groups.
surface contributions are comparable in magnitude but
have different sign leading to a pronounced cancellation,
ii) the individual terms vary very weakly with concen-
tration without showing any divergent behavior, iii) the
Fermi surface contribution shows a very weak impact of
the vertex contributions while, iv) the Fermi sea contri-
bution is not affected at all by the vertex corrections. The
findings iii) and iv) again imply that the extrinsic con-
tributions and with this the skew scattering contribution
are very small. Finding iv) that so far has been demon-
strated only numerically is now (in contact to the case of
the electrical conductivity) by no means trivial. While
the use of a Kubo-Strˇeda-like equation for σzxy turned out
to be very successful when applied to metallic alloys59 it
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Figure 2. (Color online) Top: The longitudinal compon-
ents σxx = σyy and σzz of the conductivity tensor σ
of Pt |FexCo1−x |Cu as a function of the concentration x.
Middle: The corresponding anomalous Hall conductivity
σxy = −σyx. Bottom: The spin Hall conductivity σ
z
xy =
−σzyx. Open symbols represent calculations without vertex
corrections (NV) and filled symbols those including vertex
corrections (VC). The blue squares correspond to the Fermi
sea contribution (sea), the green diamonds represent contri-
butions from the Fermi surface (surf) and red circles give the
total result (tot).
has to be seen as approximate.68 For that reason the find-
ing that there are no vertex corrections to the Fermi sea
part but only for the Fermi surface part is now an im-
portant precondition for getting all skew scattering con-
tributions to σzxy by performing calculations based on the
Boltzmann equation.66,69,70
For the magnetization along the z axis
Pt |FexCo1−x |Cu has the magnetic point group
3m′71 leading to an anti-symmetric torkance tensor with
non-vanishing elements txx = tyy 6= tzz and txy = −tyx
(see row three of Tab. IV). Actually, because of the
restrictions imposed by the form of the torque operator
given in Eq. (2) the element tzz that would represent a
change in the magnitude of the magnetic moment along
the z direction does not show up in the calculations.
In fact, this impact of an external electric field can be
considered as a manifestation of the Edelstein effect72,73
and can be described by a response quantity formulated
appropriately.74 The top panel of Fig. 3 gives the
numerical results for the diagonal torkance element txx.
As one can see, it has many properties in common with
the longitudinal conductivity σxx: i) there is no Fermi
sea contribution, ii) it shows a divergent behavior in the
dilute limit x→ 0 or x→ 1, respectively. In contrast to
σxx, however, we find no impact of the vertex corrections
at all. This implies that there are no contributions due to
skew scattering and accordingly there is only an intrinsic
contribution to txx. As a consequence, this torkance
tensor element will not be accessible by calculations
based on the Boltzmann formalism. Considering txy
one finds from Figs. 2 and 3 that this tensor element
behaves much like σxy and σ
z
xy: i) the Fermi sea and
surface contributions are comparable in magnitude but
have different sign leading to a partial cancellation, ii)
both parts are weakly concentration dependent with a
more pronounced variation for the Fermi surface term
on the Co-rich side, iii) the Fermi surface contribution
shows a very weak impact of the vertex contributions,
while iv) the Fermi sea contribution is not affected at
all by the vertex contributions. Again, from iii) and
iv) one may conclude that the extrinsic contributions
due to the skew scattering are very small. In contrast
to txx calculations based on the Boltzmann formalism
should be able to account for this contribution to txy.
The comparable concentration dependence of the spin
Hall conductivity σzxy and the even torkance txy seems
to support previous suggestions that they are intimately
connected.75
The first ab-initio investigations on the spin-orbit
torque by Freimuth et al.42,43 were dealing among oth-
ers with Co/Pt(111) having the same symmetry as the
system Pt |FexCo1−x |Cu considered here. As shown
by these authors, the mirror planes perpendicular to
the atomic layers implies the txx and txy to be odd
and even, respectively, under reversal of the magnetiz-
ation direction, i.e., one has txx(m) = −txx(−m) and
txy(m) = txy(−m). Our numerical results are fully in
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Figure 3. (Color online) Top: The longitudinal component
txx = tyy of the SOT depending on the concentration. Bot-
tom: The transverse component txy = −tyx of the SOT de-
pending on the concentration. Use of symbols and colors as
in Fig. 2.
line with this basic symmetry restriction. Freimuth et al.
also used the Kubo-Bastin formalism, however, with the
Green function represented in terms of Bloch functions
and energy eigen values. This restricted the investiga-
tion to the very dilute limit with the impact of chemical
or structural disorder represented by a broadening para-
meter Γ. Calculating the diagonal torkance element txx
as a function of Γ leads in the limit Γ→ 0 to a divergent
behavior. This is obviously in full accordance with the
results shown in Fig. 3 (top) that also show a divergence
for the concentration x → 0 or x → 1, implying that
the major impact of disorder on the diagonal torkance
is independent of whether it is accounted for within the
framework of the CPA or the Gaussian disorder model.43
The same applies also to the off-diagonal element txy.
While txy given in Fig. 3 shows only a weak variation
with concentration in the considered composition regime,
txy of Co/Pt(111) as calculated by Freimuth et al.
43 as
a function of the broadening parameter takes a constant
and finite value in the limit Γ → 0, the intrinsic contri-
bution to the torkance. Concerning the decomposition
of the torkance into Fermi sea and Fermi surface con-
tributions, the results in Fig. 3 are again in qualitative
agreement with the findings of Freimuth et al.42,43: The
odd torkance element txx (top) has no Fermi sea con-
tribution whereas to the even txy (bottom) both, Fermi
sea and Fermi surface, contribute significantly. Finally,
as suggested before – amongst others by the aforemen-
tioned authors – the similar composition dependence of
txy and the spin Hall conductivity σ
z
xy seems to support
at least in part the notion “spin Hall”-torque.
IV. CONCLUSIONS
In summary, based on Kubo’s linear response formal-
ism, the symmetry and magnitude of spin-orbit torques
in metals and alloys can be investigated using group-
theoretical considerations for the former and an imple-
mentation of the Kubo-Bastin formula for the torkance
in a multiple-scattering framework for the latter. The
resulting tensor shapes for direct and inverse torkance for
all magnetic point groups allowing a finite magnetization
have been presented. The former have been independ-
ently confirmed for a number of systems by numerical
calculations. By investigating the concentration depend-
ence of two symmetrically distinct tensor elements in an
fcc (111) trilayer system, contact and extensions could
be made to previous work concerning the various contri-
butions to the SOT and possible underlying mechanisms.
While the odd torkance was found to bear a striking re-
semblance to the electrical conductivity concerning its
dependence on the alloy composition in the ferromagnetic
layer, the even component could be demonstrated to be-
have more like the transverse transport properties anom-
alous and spin Hall conductivity. The key advantage of
the CPA alloy theory over simpler models of disorder is
the possibility to calculate material-specific parameters
very efficiently, opening the way to a computational ma-
terials design approach to direct and inverse spin-orbit
torques. As has been shown, the electronic contribution
to the corresponding thermally-induced phenomena, dir-
ect and inverse thermal spin-orbit torques, can in prin-
ciple be calculated from the torkance employing a Mott-
like expression. Future work will focus on the close con-
nection between direct and inverse SOT to direct and
inverse Edelstein effect.
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